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I n  many situations, a parametric representation of discrete 
measured data may be desired. These include data smoothing 
and prediction and estimation of derivatives or integrals for rate 
or parameter estimation (Churchill, 1979). The accurate esti- 
mation of derivatives is particularly difficult since small mea- 
surement errors tend to be amplified by the process of differen- 
tiation (Anderson and Bloomfield, 1974). It is important to have 
a numerical method which is capable of generating accurate 
representations of response functions from measured data. 

Splines have been widely used to approximate response func- 
tions from measured data (Klaus and Van Ness, 1967; Gutt- 
mann, 1975; Read and Dunfield, 1972; Wold, 1971). A spline is 
defined as a collection of many small piecewise polynomial seg- 
ments with every two consecutive pieces joining smoothly at  the 
knots; the function as well as some of its derivatives are required 
to be continuous across these knots. The precision of spline 
approximations depends mainly on the choice of the number of 
knots and their locations. It might be expected that we can 
approximate the true (but urlknown) response function as 
closely as possible by adding more knots. For measured data, 
however, this is not necessarily true. As the number of knots 
increases, deviations between spline estimates and measure- 
ments will decrease accordingly. However, as the dimension of 
the spline approaches the number of data, the accuracy of the 
function approximation decreases since the function will tend to 
reflect the errors associated with the data measurement. Thus, 
we must limit the number of knots used in approximations to 
avoid the problem of overfitting (Draper and Smith, 1981). For 
a specified number of knots, the accuracy of spline estimates is 
also influenced by the distributions of knots (de Boor, 1978). 

While the selection of knots (both the number of knots and 
their respective locations) may be vital to the success of spline 
approximations, they are usually chosen by a trial and error pro- 
cess. Solutions so obtained are heavily dependent on experience, 
and they may not provide the optimal choice. Therefore, it is 
desirable to choose the knots in a specific and, hopefully, opti- 

Correspondence concerning this paper should be addressed to A. T. Watson 

ma1 manner. For a fixed number of knots, de Boor and Rice 
(1968) and Jupp (1978) introduced a variable-knots approach 
wherein the positions of  knots are chosen to minimize a least- 
squares objective function. While the variable-knots approach is 
promising in reducing the approximation error, studies showed 
that the solution is sensitive to the initial knot locations; a local 
minimum rather than a global minimum may be obtained if this 
initial guess is far from the expected optimal solution (de Boor 
and Rice, 1968; Jupp, 1978). 

Recently, we have developed a new adaptive variable-knots 
algorithm (Tao, 1987). Both the number of knots and their loca- 
tions are determined by the algorithm. It is not necessary to pro- 
vide an initial guess of the number of knots and their respective 
locations. A systematic procedure is introduced to select them 
automatically; trial and error is no longer needed to proceed 
with spline approximation. If  the number of knots is specified 
and fixed during computations, a unique global optimal solution 
is expected. Moreover, no prior experience or knowledge of 
splines i s  required for the usage of this algorithm. 

Spline Approximations 
It is well recognized that spline functions can be represented 

efficiently through the use of some linearly independent basic 
spline elements called B-splines (de Boor. 1978; Schumaker, 
1981). Let the domain of interest be a 5 x 5 b; it is further 
divided into k + 1 subintervals with locations of the k interior 
joints or knots being denoted as t = [t, I i = 1 , .  . . , k ;  
a < t ,  i b ] .  Then, a spline function S(x) o f  order m defined on 
this domain may be represented as a linear combination of a fi- 
nite number of mth order B-splines: 

S(X) = ci B;(x, t )  (1) 
1-1  

where C, are the representation coefficients. B-splines, B?(x, r ) ,  
are determined uniquely by the order of spline and the knots. 
The degree o f  continuity of S(x) at  these knots is controlled by a 
multiplicity vector e = [ e i ( i  = I ,  . . . , k;  1 c e, < m ] ;  the func- 
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tion and its first m - e, - I derivatives are continuous across the 
ith knot. The dimensionality or the number of linearly indepen- 
dent B-splines defined on t is determined by n = m + Zfr., e,. 
Further details on the theory and implementation of B-splines 
may be found elsewhere (de Boor, 1978; Cox, 1972; Schumaker, 
1981). 

S ( x )  is linear in these representation coefficients C,, while the 
knots t ,  are related to S(x) nonlinearly. For a given set of data 
[ ( x , f ) ,  Ii = I ,  . . . , np; a 5 x 5 b ] ,  the approximating spline 
function is determined by choosing the unknown coefficients 
and knots. This may be done by interpolation, whereby the 
spline estimates S(x , )  represent the data 1 exactly, or by 
smoothing, wherein the unknowns are chosen to minimize some 
error function (generally the least-squares function). When 
dealing with measured data, the latter approach is preferred 
from a statistical view point. 

Fixed-knots algorithm 
If the number of knots and their locations are specified and 

fixed during calculations, the remaining unknown coefficients 
C = [CJi = 1 ,  . . . , k]  are then chosen as those that minimize 
the sum of squared residuals (ix., a least-squares objective func- 
tion): 

This is a linear least-squares problem wherein elements of the 
np x n matrix G are given by G, = B,"(x,, t ) .  The residuals could 
be weighted to reflect relative accuracies in measuring these 
data, as in weighted least-squares (Draper and Smith, 1981); 
here, we assume equal weight for convenience. 

Solution of Eq. 2 can be obtained by solving the well-known 
normal equations. Nevertheless, the explicit formation of the 
coefficient matrix of the normal equations (i.e., GTG) can cause 
the loss of twice as many significant figures as is necessary (Gill 
ct al., 198 I ) ;  consequently, an orthogonal decomposition 
method which does not require formation of the matrix CTG is 
preferred for accuracy and numerical stability (Lawson and 
Hanson, 1974). The fixed-knots algorithm is computationally 
straightforward. The accuracy of spline estimates depends 
mainly on the proper placement of knots. 

Variable-knots algorithm 
It is known that the precision of spline approximations 

improves greatly if the knots are also free parameters (de Boor 
and Rice, 1968; Jupp, 1978; and Brannigan, 1981). In other 
words, we look for C and t that minimize the following objective 
function: 

F(C,  t )  = [ f -  G C I T [ f -  GC] (3) 

This is a highly nonlinear least-squares problem and can only be 
solved iteratively. The two sets of unknowns (i.e., C and t )  are 
disjointed; C can be determined alone by the fixed-knots approx- 
imation once t is specified. Thus, we consider C ( t )  and write Eq. 
3 as: 

With a fixed number of knots, de Boor and Rice (1968) pre- 
sented an interesting variable-knots algorithm for least-squares 
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fitting by cubic splines. In  that approach, each knot is, in turn, 
varied so as to minimize the sum of squared residuals as a func- 
tion of this knot. This process is continued until termination cri- 
teria are satisfied. To improve the efficiency, Jupp (1978) and 
Brannigan (1981) used the Gauss-Newton method to solve Eq. 
4. I n  those previous studies, the number of knots used to con- 
struct spline functions and an initial distribution of these knots is 
specified in advance. While the variable-knots approach is 
promising in improving the accuracy of spline approximations, 
some serious problems for the variable-knots approximations 
have been the existence of (potentially) many stationary points 
of the nonlinear least-squares objective function and the depen- 
dence of a final solution on the initial guess of knot locations (de 
Boor and Rice, 1968; Jupp, 1978). Additionally, it is not an easy 
task to determine the appropriate dimensionality, or the number 
of knots, of a model for an arbitrary set of data (Akaike, 1974; 
Schwarz, 1978). Most people choose the number of knots and 
their initial locations based on intuition or personal experience. 

Adaptive variable-knots algorithm 
We have developed a systematic procedure which selects the 

appropriate number of knots as well as their optimal locations 
automatically for approximating an arbitrary set of discrete 
measurements (Tao, 1987). Beginning with no knots, we 
increase the number of knots one at  a time. At the kth iteration, 
the Levenberg-Marquardt method (Fletcher, 197 1) is used to 
solve Eq. 4. Once the optimal solution for the k interior knots are 
found, a local sum of squared residuals SSR: and a knot addi- 
tion index KAI; for those data that fall within thej th  subinter- 
val, tJ - l  5 x i t,, are calculated according to: 

SSR, n. 
TSSR~ np KAI; = ~ +' j =  I ,  . . . ,  k +  1 ( 6 )  

where n, is the number of data points in thej th  subinterval and 
TSSRk, the total sum of squared residuals for the kth iteration, 
is defined as the sum of all the k + 1 local sum of squared resid- 
uals. At the end of the kth iteration, an extra knot will be added 
to the middle of the subinterval having the largest KAI. This 
extra knot, in addition to the k optimal knots obtained from cur- 
rent iteration, will serve as the starting points for the next 
(k  + 1)th iteration. This procedure is continued until either one 
of the following criteria is met: 

TSSRO - TSSR~-' , o.95 
TSSRO - TSSR~ 

(7) 

where TSSRO refers to the TSSR for the no-knots case. The first 
criterion is a statistical measure. The appearance of overfitting 
is indicated by an increasing error variance. The second crite- 
rion is a measure of the cost we are willing to pay to achieve 
some specified degree of accuracy. In other words, the iterations 
terminate when the improvement of precision of the fit due to 
the addition of one more knot is insignificant. 

As pointed out by de Boor and Rice (1 968) and Jupp (1 978), 
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an appropriate initial guess of the distribution of knots is vital to 
the success of variable-knots approximations. Many initial 
guesses may result in local, rather than global, minima. Our 
algorithm tends to avoid nonglobal minima. Instead of relying 
on the solution of a single large minimization problem from a 
chosen initial guess for the knot locations, our algorithm gener- 
ates an initial guess that is close to the global solution by solving 
a sequence of smaller problems. Global minima can often be 
readily determined for minimization problems with few un- 
knowns. Since at  each step only a single knot is added, the opti- 
mal knot distribution for the previous problem often serves as a 
good initial guess for obtaining the global solution for the next 
problem. Thus, a t  each step we expect to obtain the global solu- 
tion for that corresponding number of knots. 

Results and Discussion 
First, we consider the correlation of titanium heat data. With- 

out explaining explicitly the physical nature of these measure- 
ments, de Boor and Rice ( 1  968) presented a variable-knots 
approximation with cubic splines for a set of 49 data values that 
express a thermal property of titanium. As they reported, these 
data contain a significant amount of noise, or measurement 
error, and are not well approximated with polynomials. They 
used five interior knots to construct the spline approximations. 
For the purpose of comparison, we also used five interior knots 
to fit the titanium heat data. Our results, as well as those 
reported in previous studies, are summarized in Table 1 wherein 
the locations of knots and the sum of squared residuals (SSR) 
for corresponding spline approximations are presented. 

In Case 1 ,  equally-spaced knots are used. Equally-spaced 
knots are the simplest choice for data fitting. However, this case 
has the largest SSR among all the tested cases. Starting with 
equally-spaced knots, de Boor and Rice (1968) varied the loca- 
tions of knots to improve the accuracy of approximation; their 
results are reported as Case 2. A significant reduction in the 
SSR is observed; the SSR is less than 5% of the corresponding 
value for Case I .  This result demonstrates the value of variable- 
knots approximation. Starting with another initial distribution 
of knots t o  ~~ (725, 850, 910, 975, 1,040, 1,075), de Boor and 
Rice (1968) repeated the calculation, and the results are pre- 
sented as Case 3. The SSR is almost a tenth that of Case 2. Evi- 
dently, a local minimum is obtained for Case 2. Results of Cases 
2 and 3 reveal the dependence of a final solution on the initial 
distribution of knots and the difficulty of locating the optimal 
locations of a given number of knots. 

Jupp ( I  978) drew a similar conclusion from his findings. H e  
showed that there exist four stationary points (i.e., one interior 

optimum, two local minima, and one saddle point) within the 
domain of interest. The interior optimum is obtained only when 
the starting point is chosen close to the expected optimal solution 
and it is reported as Case 4. Even for people who are familiar 
with spline approximations, there is generally no assurance that 
the provided initial guess is close enough to the optimal solution; 
consequently, a local minimum may be determined (e.g., Case 
2). 

As stated above, our algorithm chooses the knots automati- 
cally; initial guesses for the distribution of knots are generated 
in a way that tends to avoid convergence to a nonglobal opti- 
mum. Our results are shown as Case 5. This solution was 
obtained via a systematic scheme rather than a trial and error 
process, and it is slightly better than the global solution as 
reported by Jupp (1978) (i.e., Case 4). The small difference 
between Cases 4 and 5 may be due to the round-off error arising 
from the variable transformation proposed by Jupp (1978). The 
optimal spline fit together with the data are plotted in Figure 1. 

For the second example, we consider the estimation of partial 
molar enthalpies from discrete measurements of excess enthal- 
pies. This requires the estimation of the derivatives of measured 
data. Partial molar properties are important thermodynamic 
functions used to predict or describe behaviors of liquid mix- 
tures. Let H e  denote the excess enthalpy measured on mixing 
components - 1 and 2. Then, the partial molar enthalpies, H ,  and 
H,, are calculated by (Smith and Van Ness, 1975): 

where y is the mole fraction of Component 1. Derivatives of H e  
with respect to compositions a t  constant temperature and pres- 
sure are needed to evaluate g, and g2. For a given set of mea- 
surements of He, a spline function is first fitted to these raw 
data, and then derivatives calculated directly from the resulting 
spline function are used to estimate 

In Figure 2, measurements of H e  for a binary liquid mixture 
of pentafluorobenzene, Component I ,  and n-propylbenzene, 
Component 2, are plotted against a mole fraction of pentafluoro- 
benzene (Skillerne de Bristowe and Stubley, 1973). Only ten 
data points are available. This measured excess enthalpy is an 

and H2 via Eq. 8. 

=: 
0 Dato from de Boor and Rice 

~ Optimal Cubic Spline Fit 

Table 1. Knots for Variable-Knots Cubic Splines 

Case 

1 2 3 4 5 
de Boor de Boor 

Knots and Rice and Rice Jupp 

t ,  675.0 755.3 835.3 835.9 832.4 
t ,  755.0 839.6 876.6 876.4 876.2 
t ,  835.0 877.1 902.5 898.2 899.6 
t ,  915.0 896.2 910.5 916.3 915.2 
t ,  995.0 910.2 911.9 974.0 976.0 

SSR 1.5235 0.0618 0.0072 0.0061 0.0059 

500 600 700 800 900 1000 1 
Temperature ("C) 

Figure 1. Heat property of titanium. 
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I 0 Data from Skillerne de Bristowe and Stubiey ~ I 

- 
C I I  
/ I  I I 1  I / / I  I I 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Mole Fraction of Pentafluorobenzene 

Figure 2. Excess enthalpy for mixtures of pentafluoro- 
benzene with n-propylbenzene at 328 K. 

S-shaped function with zero values a t  y = 0 and y = 1 .  Within 
the domain of interest, there are two extremum points (i.e., one 
maximum and one minimum) and one inflection point. We must 
approximate the response function as well as derivatives from 
these limited number of observations. The optimal cubic spline 
approximation for the excess enthalpy calculated by the adap- 
tive variable-knots algorithm is also shown in Figure 2. The 
algorithm chose three interior knots a t  locations t* = (0.237, 
0.577,0.84). In Table 2, values of excess enthalpy and partial 
molar enthalpies estimated from the optimal spline approxima- 
tion are compared with those reported by Skillerne de Bristowe 
and Stubley (1973). The partial molar enthalpies estimated 
from our variable-knots algorithm are very close to the pub- 
lished values. This example demonstrates that the adaptive vari- 
able-knots algorithm is also suitable for the estimation of deriva- 
tives from discrete measurements. 

Notation 
BY = the ith B-spline or order m 

C = B-spline representation coefficients 
e == multiplicity vector 
f ~ measured response function 
F = objective function 
G = coefficient matrix 

H = partial molar enthalpy 
k ~ number of interior knots 

m = order of spline function 
n = dimension of spline space 
n, 

np = number of measurements 
S = spline approximating function 

SSR ~ sum of squared residuals 
t = locations of knots or time 

TSSR = total sum of squared residuals 

H‘ = excess enthalpy 

KAI = knot-addition index 

number of data in thej th  interval 

VAR = estimated variance 
x = independent variable 
y = mole fraction 

Subscripts 
T,P = at constant temperature and pressure 

Superscript 

Table 2. Partial Molar Enthalpies for Mixtures of 
Pentafluorobenzene with n-Propylbenzene 

Skillerne de Bristowe and 
Composition Optimal Spline Fit Stubley Results __ 

- - - - 
~ -~ 

X He HI H2 He H ,  H2 
0.1 -14.7 -128.8 -2.0 -15.2 -127.0 -2.7 
0.2 -24.6 -79.1 -11.0 -24.5 -73.9 -12.2 

0.4 -24.3 12.5 -48.8 -24.3 11.2 -48.0 
0.3 -21.8 -24.6 -29.1 -27.5 -25.9 -28.1 

0.5 -16.1 33.7 -65.9 -16.2 34.1 --66.4 
0.6 -5.0 42.4 -16.2 -5.0 42.0 -15.6 
0.7 6.4 37.0 -65.1 6.3 37.0 -65.3 
0.8 14.0 22.6 -20.3 14.1 23.2 -22.5 
0.9 13.5 7.4 68.4 13.8 7.4 68.2 

S S R  0.210 0.701 
VAR 0.030 0.078 
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